Abstract Changes in GPS transmitter and receiver antenna orientations induce variations in observed carrier phase values. An analytic formula for this well-known carrier phase wind-up correction is derived which generalizes a previous result. In addition, it is shown that in GPS reflectometry the wind-up values of direct and coherently reflected rays may differ by up to several centimeters. The results are discussed on the basis of simulated measurements.
2 G. Beyerle Wu et al. (1993) . In general, the fractional part of the carrier phase wind-up constitutes a minor correction on the order of a few centimeters in terms of phase path, but needs to be corrected for in high-precision applications or other specific utilizations (Wu et al., 1993; Tetewsky and Mullen, 1997; Kim et al., 2006; Beutler et al., 2007; García-Fernández et al., 2008) . The integer part may accumulate with time and is estimated by comparing the wind-up value at the current and preceding epoch (Wu et al., 1993) . In the following, the integer part of the wind-up value is ignored and I consider only its value modulo 2π, i.e., its fractional part.
The GPS satellites orbit the Earth at altitudes of about 20,180 km and their signals propagate to ground-based receivers at transmitter antenna off-boresight angles between 0
• (satellite in the receiver's zenith) and about
13.9
• (satellite at the receiver's horizon). Even for space-borne receivers placed in low-Earth orbits at altitudes below 2000 km, the transmitter offboresight angle remains below 18.4
• .
It is well known that for non-zero off-boresight angles the GPS signals' polarization state at the receiver antenna phase center deviates from pure RHCP (Wu et al., 1993) . Still, the left-hand circularly polarized (LHCP) power levels are small compared to the RHCP levels. For most practical purposes they are negligible and the assumption of a pure RHCP transmitter signal (equation (3) in Wu et al. (1993) ) is well justified. As will be shown in the following, the error in carrier phase wind-up introduced by this approximation lies in the sub-millimeter range in terms of phase
Carrier phase wind-up in GPS reflectometry 3 path. In GPS reflectometry, however, the phase wind-up correction of a coherently reflected signal differs by up to several centimeters from the value experienced by the direct signal and needs to be taken into account for the determination of altimetric heights.
The paper is organized as follows. The next section reviews the derivation of the carrier phase wind-up for direct rays and derives a generalization of the phase wind-up expression given by Wu et al. (1993) . The subsequent section focuses on the phase wind-up calculation of reflected rays taking into account the change of polarization state at the reflecting surface. Finally, the results are discussed using simulated measurements.
Theory
In the following discussion the transmitted signal is taken to be the superposition of a RHCP and LHCP component. That is, the signal is perfectly polarized and contains no unpolarized contributions. Furthermore, it is assumed that both, the transmitter and the receiver antenna, may be modelled as crossed dipoles (Wu et al., 1993 
Phase Wind-up for Direct Rays
The electric field E a (Ω) generated by the aligned dipole at a location r far away from the transmitter antenna is (e.g., Jackson, 1999)
where Ω ≡ ω t−k·r−δ. Here, ω and t denote the signal's angular frequency and time, r is the difference vector between the receiver and transmitter phase centers, k ≡k 2π/λ is the wave vector withk ≡ k/|k|, p is the dipole moment, 0 is the permittivity of free space, c is the velocity of light and δ is an additional phase offset. The far-field approximation (1) is valid provided that |r| ω/c 1.
Carrier phase wind-up in GPS reflectometry The present analysis concentrates on phase changes induced by the antenna orientations; phase variations caused by the relative motion between the two antenna phase centers are disregarded and |r| is considered constant. Since the absolute value of the electric field amplitudes are irrelevant for the present discussion, the constant of proportionality in (1) (and analogous expressions below) will be set to unity without loss of generality.
The transverse dipole transmits a signal which is delayed by π/2 with respect to the signal transmitted by the aligned dipole and the corresponding field is proportional to
The overall field E(Ω) is the superposition of E a (Ω) and E t (Ω), i.e.
where
and the fact is used that the constants of proportionality in (1,2) are identical.
Following Wu et al. (1993) the open-circuit voltage V a at the aligned receiver dipole is proportional to
Carrier phase wind-up in GPS reflectometry Analogous to the transmitting transverse dipole, the receiving transverse dipole's signal path inserts a phase shift of π/2 and the corresponding voltage V t is given by
Again, the constants of proportionality in (5) and (6) are taken to be equal.
The measured output voltage is the sum of V a and V t , and from (3), (5) and (6) one obtains
Using the relation (Bronstein and Semendjajew , 1981) , the derivation is given in the appendix,
with
the phase delay of the measured voltage V (7) with respect to the electric field transmitted by the aligned dipole (1) is
with T a (k) and T t (k) being defined by (4). Φ is the amount of carrier phase wind-up for transmitter and receiver antenna orientationst a ,t t andr a ,r t .
Here, arctan2(a, b) denotes the four-quadrant arctangent
Carrier phase wind-up in GPS reflectometry 9 and the sign function is defined by
Equation (10) is easily modified for a LHCP receiver antenna by changing the phase offset sign in (6). The factor E(Ω −π/2) is replaced by E(Ω +π/2) and the corresponding carrier phase wind-up value Φ L is
Alternatively, equation (13) is obtained directly from (10) by reversing the direction of the transverse receiver dipole,r t .
For reference, the results obtained by Wu et al. (1993) for a RHCP receiver antenna are quoted. Under the assumption that the transmitted signal is in a pure RHCP state (equation (3) in Wu et al. (1993) ), they
show that the carrier phase wind-up is given bỹ
(equation (30) in Wu et al. (1993) ). Here, D, D and ζ are defined as
Equations (10) and (14) are not identical; simulation results described in section 3, however, indicate that the differences betweenΦ and Φ for realistic (10) and (14) are in fact equivalent as will be shown in the appendix. This condition is met for static ground-based receivers with their antennas' boresights pointing towards the zenith.
Phase Wind-up for Coherently Reflected Rays
In this section a signal is considered which is transmitted by a crossed dipole and coherently reflected from a plane, mirror-like surface at an incidence angle θ (e.g., Anderson, 2000; Treuhaft et al., 2001; Martín-Neira et al., 2001; Cardellach et al., 2006) . In the following, incoherent signal components in the reflected signal are not taken into account. The Fresnel reflection coefficients (Hecht and Zajac, 1997; Born and Wolf , 1980) 
relate the electric field amplitudes of the incoming signal (superscript i),
⊥ , to the amplitudes of the reflected signal (superscript o),
Carrier phase wind-up in GPS reflectometry In (16), n ≡ n 2 /n 1 denotes the ratio of the refractive index of the reflecting material, n 2 = √ r ≡ / 0 , and the refractive index of air n 1 . Here, r is the real part of the relative dielectric constant. The signs in (16) correspond to the coordinate systems shown in Fig. 3 (Hecht and Zajac, 1997) .
Again, the observed voltage is proportional to the electric field generated by the transmitting crossed dipoles at the location of the receiver antenna phase center (5,6). Using the Fresnel coefficients (16), the electric field vector of the reflected ray is determined from the electric field vector of the incoming ray by decomposing it into components parallel and perpendicular to the reflection plane (see (17) and Fig. 3 ).
The voltage recorded by the receiver antenna is thus given by
with the notation
) ·ŝ ⊥ are the amplitudes of the parallel and perpendicular components of the incoming electric field, respectively, which is generated by the aligned dipole (superscript a). Furthermore,
) ·ŝ ⊥ ŝ ⊥ are the parallel and perpendicular components of the reflected field, respectively. The phase windup of the reflected ray Φ rfl , accordingly, is given by
with S a and S t defined by (19). Analogous to (13), the corresponding windup value observed by a LHCP antenna is
As an aside, we note that the incoming ray's wave directionk (i) closely matches the direct ray's direction vectork, since the distance between reflection point and receiver generally is much smaller than the distance between receiver and GPS satellite and, therefore,
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Signal Intensities in Direct and Reflected Rays
Equations (8) and (9) also allow for estimating the relative signal amplitudes observed by RHCP and LHCP antennas. For the direct ray, the ratio of the RHCP and LHCP power levels is given by
Similarly, the corresponding ratio for the reflected ray is
Section 3 provides example profiles for R R/L drct and R R/L rfl which were derived from simulated measurements.
Discussion
In the following, carrier phase wind-up corrections calculated from the analytic formulas are discussed on the basis of simulated GPS observations. The 
and 90
• . The zenith angle is the angle betweenr b and the zenith direction.
The orientation vectorr a is aligned with respect to the azimuth direction.
On the transmitter side, the antenna boresightt b points to the center of the Earth andt a is assumed to lie in the plane defined byt b and the Earth-Sun line (Bar-Sever , 1996) .
The simulation results are presented in terms of the phase path wind-up
where λ ≈ 19 cm denotes the GPS L1 carrier signal's wavelength. The resulting phase path wind-up for the direct ray is shown in Fig. 5 . The Bottom: Difference between wind-up phase path derived from equations (14) and (10) is modelled according to (16) Note that these considerations apply to the crossed dipole antenna model.
The RHCP-to-LHCP power level ratios observed with real GPS antennas may differ significantly from the simulated data shown in Fig. 7 .
Conclusions
An analytical expression for the carrier phase wind-up correction is derived which generalizes a well-known result derived by Wu et al. (1993) . If the transmitter and receiver antennas' boresight directions lie in one plane the two formulae are equivalent. This condition is met in most ground-based applications with static receivers and antenna boresight directions pointing towards the zenith. For arbitrary orientations the expected deviations are in the sub-millimeter range. Carrier phase wind-up is a significant correction in GPS reflectometry. Using simulated measurements it is shown that the observed differences between direct and reflected ray phase path wind-up may reach up to several centimeters.
Appendix
In the following we first show that the phase wind-up value derived from (10) is identical to the value derived using (14) provided that the transmitter and receiver antenna boresight vectorst b andr b lie in one plane. We then derive (8).
The unit wave vectork can then be written as a linear combination of
where it is assumed thatt b andr b are not collinear. We define nine para- 
For example, equation (29) translates into the following relations which will be used later
From (26) and |k| = 1 it follows that
and equations (32), (33) and (36) yield
Equation (10) can now be re-written in terms of the parameters defined in (27), (35), (34) and (33) and using (38) one obtains
Similarly, for the remaining products one finds
and ( 
Using (43) and (37),Φ is given bỹ 
= sgn(b + c) arctan2
